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Instructions to students

* Write your session number in the boxes above.

* Do not open this examination paper until instructed to do so.

* You are not permitted access to any calculator for this paper.

» Section A: answer all questions. Answers must be written within the answer boxes provided.

* Section B: answer all questions in the answer booklet provided. Fill in your session number on
the front of the answer booklet, and attach it to this examination paper and your cover
sheet using the tag provided.

* Unless otherwise stated in the question, all numerical answers should be given exactly or

correct to three significant figures.

* A clean copy of the mathematics: analysis and approaches HL formula booklet is required

for this paper.

* The maximum mark for this examination paper is [110 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show
all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 5]
Consider the function f(x) =3(x—2)(x —g), where x € R and ¢ is a real constant.

The axis of symmetry of the graph of /" has equation x =4.

(@) Showthat g=6. [2]
(b) Find the coordinates of the vertex of the graph of f. [2]
() Hence, write down the range of f. 1
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[Maximum mark: 5]

A particle P is travelling along a straight line, with displacement measured relative to a
point O on the line. The velocity, vms™, of the particle at time ¢ seconds is given by

1 _
y=——+¢', where t>0.
t+1

(@) Find j (iﬂe"jdt. 2]

Initially the particle is at O.

(b) Find an expression for the displacement, s metres, in terms of ¢. [3]

L

16E

03

|

P



-4 - 2226-5015

[Maximum mark: 6]

Consider a geometric sequence, u,, with common ratio », where each term in the sequence
is positive.

It is given that u, = 1.6 x 10° and u, = 6.4 x 10°.
(@) Find the value of r. [3]

(b) Find the value of u,, giving your answer in the form a x 10°, where 1 <a < 10
and k € Z. [3]
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[Maximum mark: 7]

(@) Show that log,.(81x%) = log.9 + log.x for x > 0.
25 5 5

(b)  Hence, solve the equation log; Ux = log, (81x2)—log5 4, where x> 0.
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[Maximum mark: 9]
Consider two events, 4 and B.
It is given that P(ANB') = 52+4x, P(ANnB)= 71—2x and P(4'nB)= é where 0 <x < 7.
(a) Show that P(A)= 2—% 3]
24
It is given that 4 and B are independent.
(b) Find the possible values of x. [6]

L

16EPO

EPO7

Turn over
Il |



-8- 2226-5015

6. [Maximum mark: 4]
Consider a piece of paper in the shape of a circle with centre O and radius »cm,
where r > 6. A second circle with centre O and radius 6 cm is drawn inside the first and
shaded, as shown in the following diagram.

diagram not to scale

The points A and B are on the circumference of the larger circle such that the acute

angle AOB = g The paper is cut along the lines AO and BO and the sector AOB with

a central angle of g is removed as shown on the following diagram.

diagram not to scale

(This question continues on the following page)
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(Question 6 continued)
After removing the sector, it is now given that

the area of the unshadedregion :g
the area of the shadedregion 3 '

Find the value of r, giving your answer in the form \/% where k € Z.
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[Maximum mark: 6]
Reyn is investigating the fertility of a group of adult female foxes.

He has developed a clinical test that aims to identify whether or not a given fox is pregnant,
and he wants to evaluate the reliability of this test.

Reyn knows that

* 40% of the foxes in the group are pregnant

+ if a fox is pregnant, the probability that it will test positive is 90 %
+ if a fox is not pregnant, the probability it will test positive is 20%.

(a) Find the probability that a randomly selected fox from the group will test positive.

(b) Find the probability that a randomly selected fox from the group is pregnant, given that
it tested positive.

[3]

[3]
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[Maximum mark: 8]

Consider the polynomial p(z) =3z’ — 7z* + ¢z’ + dz’ + ez— 26, where z € C and ¢, d, e € R.

Three of the roots of p(z) are %, a—1,2+bi,where a,b e R,b>1.

(@) By considering the sum and the product of the roots of p(z),
(i) showthat a=-1;
(i)  find the value of b.

(b) Show that p(z) = (4z + B)(z* + Cz + D)(Z° + Ez + F), where A,B,C, D, E, F are
integers to be determined.

[5]

[3]
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[Maximum mark: 8]
Consider non-zero vectors a, b and ¢ in three-dimensional space.
The non-zero vector v is defined as v=(asc)b — (a+b)c.
(@) Show that vea=0.
It is given that b x ¢ and a x (b x ¢) are non-zero vectors.
(b) (i) Justifywhy be(bxc)=0.
(i) Show that ve(b xc)=0.

(c) Hence, state the geometrical relationship between v and a x (b x c), briefly justifying
your answer.

[2]

[4]

[2]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.

L

[Maximum mark: 15]

Consider the function f(x) = ax’ + bx* + cx + d, where x € R and where «a, b, ¢ and d are
real constants.

The graph of f has a point of inflexion at (-2, —2c + d + 24).

(@) Show that a:% and b=9.

It is given that the tangents to the graph of /" at x = -3 and x = k are horizontal.

(b) (i) Show that ¢ :277.

(i)  Find the value of k.

(iii) State whether f has a local maximum or a local minimum at x = k, justifying
your answer.

The graph of f intersects the y-axis at the point P.

(c) Show that the tangent to the graph of /" at x = -3 passes through P.

16E
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Do not write solutions on this page.

11. [Maximum mark: 19]

(@) Prove the identity cot260 = l(cot@ _ j [3]
2 cotd
(b) Hence, solve the equation

cot20 :%cote(cotze—l) for 0 < 0 < 1 where 6 ;tg. [6]

(c) By differentiating both sides of the identity in part (a), show that

4cosec’20 = cosec’ 0 + sec’ 6. [5]

Consider the right-angled triangle APQR, where RﬁQ = g
PR = cosec 0, QR =2cosec26, where 0<6 <§ and all lengths are given in metres.

This is shown in the following diagram.

diagram not to scale

2cosec26

-

cosec O R

QR has length L metres and APQR has area 4 square metres.

(d) Calculate the ratio L : 4 in the form n: 1, where n € Z". [5]
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Do not write solutions on this page.

12.

[Maximum mark: 18]

Rowan is investigating the spread of an infection through a population of rabbits.

He models N, the number (in thousands) of infected rabbits in the population, at time ¢ days.
Rowan models the spread of the infection by the differential equation

%:k(—3+4N—N2), where >0 and k € R".
Initially, 1500 rabbits are infected.

(@) Express > inthe form i+i ,Where 4, B € R.

—3+4x—x x—1 3—x

(b) Hence, show that ln(N_

a+be"

—»Where a,b,ceZ.

(c) Find an expression for N in the form N =
I+ce

According to Rowan’s model, the number of infected rabbits approaches a limit, L, over the
long term.

(d) Find the value of L.

1
j: 2kt—1In p, where p € R" is a constant to be determined.

[3]

[8]

[5]

[2]

L

16

EP15

|



Disclaimer:

Content used in IB assessments is often taken from authentic, third-party sources. The views expressed within them
belong to their individual authors and/or publishers and do not necessarily reflect the views of the IB. Sometimes fictitious
companies, products or individuals are included in assessments; any similarities with actual entities are purely coincidental.
Any trademarks™ or registered® trademarks included are used for illustrative purposes only, and use does not imply any
affiliation with or endorsement by the International Baccalaureate.

§ MO |
16EP16






